Abstract. In this article, we prove that if the group Fourier transform of a certain finitely supported function on the Heisenberg motion group is of arbitrary finite rank, then the function must be zero. We also prove an analogous result on the quaternion Heisenberg group.
Introduction
In an interesting article [2] Benedicks' proved that if f ∈ L 1 (R n ), then both the sets {x ∈ R n : f (x) = 0} and {ξ ∈ R n :f (ξ) = 0} cannot have finite Lebesgue measure, unless f = 0. In another article [1] Amrein-Berthier reached to the same conclusion via the Hilbert space theory. The aforesaid fundamental result got further attention in the setups of general Lie groups.
Let G be a locally compact group andm denotes the Plancherel measure on the dual groupĜ. Then G is said to satisfy qualitative uncertainty principle (QUP) if for each f ∈ L 2 (G) with m{x ∈ G : f (x) = 0} < m(G) and Ĝ rankf (λ) dm(λ) < ∞ implies f = 0. In [10] , QUP is proved for the unimodular groups of type I. An brief survey is provided in [7] . In case of Heisenberg group, the last condition of QUP impliesf should be supported on a set of finite Plancherel measure together with rankf (λ) is finite for almost all λ.
In [11] , Narayanan and Ratnakumar proved that if f ∈ L 1 (H n ) is supported on B × R, where B is a compact subset of C n , andf (λ) is of finite rank for each λ, then f = 0. Thereafter, Vemuri [14] replaced the compact support condition on B by finite measure. In a recent article [5, 9] authors extended this result to the general step two nilpotent Lie groups.
Heisenberg motion group
The Heisenberg group H n = C n × R is a step two nilpotentLie group having center R that equipped with the group law (z, t) · (w, s) = z + w, t + s + 1 2 Im(z ·w) .
By Stone-von Neumann theorem, the infinite dimensional irreducible unitary representations of H n can be parameterized by R * = R {0}. That is, each λ ∈ R * defines a Schrödinger representation π λ of H n via π λ (z, t)ϕ(ξ) = e iλt e iλ(x·ξ+ 1 2 x·y) ϕ(ξ + y),
where z = x + iy and ϕ ∈ L 2 (R n ). Having chosen sublaplacian L of the Heisenberg group H n and its geometry, there is a larger group of isometries that commute with L, known as Heisenberg motion group. The Heisenberg motion group G is the semidirect product of H n with the unitary group K = U(n). Since K defines a group of automorphism on H n via k · (z, t) = (kz, t), where k ∈ K, the group law on G is given by
Since a right K-invariant function on G can be thought as a function on H n , the Haar measure on G can be expressed as dg = dzdtdk, where dzdt and dk are the normalized Haar measure on H n and K respectively. For k ∈ K define another set of representations of the Heisenberg group H n by π λ,k (z, t) = π λ (kz, t). Since π λ,k agrees with π λ on the center of H n , it follows by the Stone-Von Neumann theorem for the Schrödinger representation that π λ,k is equivalent to π λ . Hence there exists an intertwining operator µ λ (k) satisfying
Then µ λ can be thought as a unitary representation of K on L 2 (R n ), called metaplectic representation. For details we refer [3] . Let (σ, H σ ) be an irreducible unitary representation of K and H σ = span{e
For k ∈ K, the matrix coefficients of the representation σ ∈K are given by
, where φ α are the Hermite functions on R n . Since for each λ ∈ R * , the set {φ λ α : α ∈ N n } forms an orthonormal basis for L 2 (R n ), letting P λ m = span{φ λ α : |α| = m}, the metaplectic representation µ λ becomes an irreducible unitary representation of K on P λ m . Hence, the action of µ λ can be realized on P λ m by (2.1)
where η λ αγ 's are the matrix coefficients of µ λ (k) and k ∈ K. Define a bilinear form φ
For λ = 0 and σ ∈K, we define a representation ρ
In the article [12] , it is shown that ρ λ σ are the only irreducible unitary representations of G those participate in the Plancherel formula. Thus, in view of the above discussion, we shall denote the partial dual of the group G by
is a bounded linear operator on H 2 σ . Let f λ be the inverse Fourier transform of the function f in the t variable that given by
Further, by the Plancherel formula [12] 
To prove Benedicks-Amrein-Berthier theorem for the Heisenberg motion group G, it is equivalent to derive a similar proposition for the Weyl transform on G × = C n × K. For that we require to set up some basic properties of the Weyl transform on G × .
Then we get the relationf (λ, σ) = W λ σ (f λ ), and hence
Hilbert-Schmidt operator that satisfies the Plancherel formula
Further, we prove the inversion formula for the Weyl transform. For this, we need the fact that
Proof. First we prove the result for k = I, the identity element of K.
Im(z.w) . Hence it follows that
From (2.1), the right hand side of the above equation is equal to
By the Peter-Weyl theorem for the compact groups we obtain
Using the inversion formula for the Weyl transform in case of Heisenberg group, we get
Throughout this section, we shall assume A is a Lebesgue measurable subset of C n with finite Lebesgue measure. While λ = 1, for simplicity we write
Given that W σ (g) is a finite rank operator, there exists an orthonormal basis
, the following identity holds true.
Since the set
, by Lemma 2.3, we infer that the set
is an orthonormal basis for V σ . Next, we recall the Peter-Weyl theorem, which as a corollary, gives Proposition 2.5. 
Moreover, the fact that V Bσ is an orthonormal basis for V σ , as a corollary to Proposition 2.5, we infer that
Then we can write R(E
where a σo = (2π) −n d σo . Thus we have
where 
where η
the above integral becomes
We need the following result that describes an interesting property of Lebesgue measurable sets [1] . Denote wA = {z ∈ C n : z − w ∈ A}.
Lemma 2.8.
[1] Let B be a measurable set in C n with 0 < m(B) < ∞. If E is a measurable subset of B with m(E) > 0, then for each ǫ > 0 there exists w ∈ C n such that m(B) < m(B ∪ wE) < m(B) + ǫ. 
Now, for given orthogonal projections E and F of a Hilbert space H, let E ∩ F denote the orthogonal projection of H onto R(E) ∩ R(F ). Then
E ∩ F 2 HS = dim R(E ∩ F ) ≤ EF
Proof. Assume towards a contradiction that there exists non-zero function
Choose s ∈ N such that s > 2c σo m(A 0 )N. Now, we construct an increasing sequence of sets {A l : l = 1, . . . , s}. Using Lemma 2.8 with ǫ =
On the other hand, we construct s + 1 linearly independent functions in R(E As ∩ F N ), after proving R(F N ) is twisted translation invariant.
Let
Im(z.w l ) g 0 (z − w l , k). Hence for η σo ∈ H 2 σo and p > N, we have
Im(z.w) ρ σo (z + w, k), we get 
and R(W σ (g σo )) = 0 for σ( = σ o ) ∈K. Thus by Proposition 2.9 we get g σo = 0. Since σ o ∈K is arbitrary, we infer that g = 0.
As a consequence of Proposition 2.2, we obtained the following BenedicksAmrein-Berthier theorem on the Heisenberg motion group G
Quaternion Heisenberg group
Let Q be the set of all quaternions. For q = q 0 + iq 1 + jq 2 + kq 3 ∈ Q, the conjugate of q is defined byq = q 0 − iq 1 − jq 2 − kq 3 . The inner product in Q is defined by q,q = Re(qq). This leads to |q| 2 = q, q = 3 l=0 q 2 l . Then we have the following relations=qq, |qq| = |q q|.
The set Q = Q × R 3 = {(q, t) : q ∈ Q, t ∈ R 3 } becomes a non-commutative group when equipped with the group law (q, t)(q,t) = (q +q, t +t − 2 Im(qq)).
It is easy to see that the Lebesgue measure dqdt on Q×R 3 is the Haar measure on Q.
defines a complex structure on Q. Let F a be Fock space of all holomorphic function F with quaternion values on (Q, J a ) such that
An irreducible unitary representation π a of Q realised on F a is given by
where F ∈ F a . Up to unitary equivalence, these are the only infinite dimensional irreducible unitary representations of Q. For f ∈ L 1 (Q) the group Fourier transform is defined bŷ
the inverse Fourier transform of f in the t variable. For f ∈ L 2 (Q), the Plancheral formula is
If we denote π a (q) = π a (q, 0), then the Weyl transform of g ∈ L 1 (Q) can be define by
Hence it follows thatf (a) = W a (f a ). Further, W a (g) is a bounded operator if g ∈ L 1 (Q) and a Hilbert-Schmidt operator when g ∈ L 2 (Q). In addition when g ∈ L 2 (Q), the Plancheral formula gives
Finally, the inversion formula for Weyl transform is described by the identity
For more details about quaternion Heisenberg group, see [4, 6] .
In order to prove some orthogonality relation for π a , we need to recall the following Schur's orthogonality relation for the unimodular groups, see [8] . 
for all h l , k l ∈ H, l = 1, 2, where c is a constant depends only on π.
where c a is some constant.
Proof. For q = q 0 + iq 1 + jq 2 + kq 3 ∈ Q, write z 1 = q 0 + iq 1 and z 2 = q 3 + iq 4 . Then ϕ(q) = 4|a| 2 π z 1 z 2 ∈ F a and ϕ 2 = 1. Further,
Now, by Minkowski's integral inequality, it follows that
Hence by Proposition 3.1 we get
where c a is a constant and ϕ l , ψ l ∈ F a for l = 1, 2.
Let g ∈ L 2 (Q) and W a (g) be a finite rank operator. Then there exists an orthonormal basis {e 1 , e 2 , . . .} of F a such that R(W a (g)) = B N , where B N = span{e 1 , . . . , e N }. Define an orthogonal projection P N of F a onto B N . Let A be a measurable subset of Q. Define a pair of orthogonal projections E A and F N of L 2 (Q) by
where χ A denotes the characteristic function of A.
Next, we prove that E A F N is a Hilbert-Schmidt operator that satisfies
Throughout this section, we shall assume that A is a measurable subset of Q with finite measure.
Hence, it follows that
where K(q,q) =c a χ A (q)tr (P N π a (q)π a (−q)) and π 2c a = 4|a| 2 . We infer that E A F N is an integral operator with kernel K. Proof. From Lemma 3.3, it follows that
Since π a (q)π a (q) = e 2i qa,q π a (q + q)), we get
Hence, from orthogonality relation (3.3) it follows that Proof. Assume towards contrary that there exists a non-zero function g 0 ∈ R(E A ∩ F N ). Then W (g 0 ) ⊆ B N . Consider A 0 = {q ∈ A : g 0 (q) = 0}. Then, 0 < m(A 0 ) < ∞. Choose s ∈ N such that s > 2c ′ m(A 0 )N. Now, We construct an increasing sequence of measurable sets A l , l = 1, . . . , s. By Lemma 2.8, for ǫ = The following result can be thought as a dual problem of Proposition 3.7 and similar result also holds true for Heisenberg motion group. Proposition 3.9. Let A g = {q ∈ Q : g(q) = 0}. Then S = {g ∈ L 2 (Q) : m(A g ) = ∞, and W a (g) is not a finite rank operator} is dense in L 2 (Q).
Proof. By Hank-Banach theorem, it is enough to show that S ⊥ = {0}. On contrary, suppose there exists h ∈ L 2 (Q) such that g,h = 0 for all g ∈ S. For q ∈ Q define gq(q) = g(q −q)e −2i qa,q . In view of (3.5), W (gq) is not a finite rank operator unless W (g) is not a finite rank operator. Thus g ∈ S, implies gq ∈ S. Defineh(q) = h(−q). Then it follows that gq(q)h(q)dw = g(q −q)e −2i qa,q h (−q)dq = g(q − q)e 2i qa,q h (q)dq = 0.
That is, g × ah = 0 for all g ∈ S. Hence W a (g)W a (h) = W a (g × ah ) = 0 implies RW (h) ⊆ ker W (g), whenever g ∈ S. Therefore, we infer that W (h) = 0. Thus h = 0.
